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We present a comprehensive comparison between the results of the recently revised DM formula, which now exhibits the
echanically correct high-energy behavior, and measured atomic ionization cross sections for selected atoms covering a wide ran
f different electronic structure as well as elements along columns of the periodic table. Specifically, we selected the following
listed in order of increasing atomic numberZ): Na, Si, S, Cl, K, Ca, Fe, Ga, Br, In, Cs, Hg, Bi, and U. The main objective of this study
ompare the results of the revised DM formula for these elements in both the low- and high-energy regime with available experim
nd to extend the formalism to targets with higher atomic numberZ, where contributions to the ionization cross section from f-electrons

o be considered. In cases, where several, sometimes conflicting experimental data sets have been reported, an attempt is ma
uidance as to the reliability of various measured cross sections. In addition, we also calculated ionization cross sections for the

mportant species Cr, Mn, and W, for which no experimental data are available.
2005 Elsevier B.V. All rights reserved.
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. Introduction

The ionization of an atom by electron impact is one of
he most basic electron-driven processes both in terms of
ts importance in fundamental collision physics and from
n application-motivated viewpoint in environments such
s: discharges and plasmas; planetary and cometary atmo-
pheres; mass spectrometry; and chemical analysis. The re-
oval of an electron from a neutral atom as the consequence
f the impact of another electron is the simplest electron col-

ision process resulting in the formation of three charged
articles: the incident and ejected negatively charged elec-

ron (which are indistinguishable) and a positive ion. The

∗ Corresponding author. Tel.: +1 201 216 5671; fax: +1 201 216 5638.
E-mail address:kbecker@stevens.edu (K. Becker).

complexity of the interactions of the three charged part
in the exit channel of this collision process renders a ri
ous quantum mechanical description impossible even fo
simplest target, atomic hydrogen. Approximations have
incorporated quite successfully into quantum mechanica
scriptions of electron-impact ionization processes of H[1]
and quasi one- and two-electron atoms such as the alka[2]
and comparatively low collision energies (up to a few tim
the ionization energy). At higher impact energies (above
proximately 20 times the ionization energy), the Born–B
theory provides an acceptable description of atomic elec
impact ionization cross sections. Semi-rigorous met
were found to be useful to provide convenient and easy-to
formulas to calculate atomic ionization cross sections fo
entire range of impact energies from threshold to the h
energy regime. Among those are the Deutsch–Märk (DM)

387-3806/$ – see front matter © 2005 Elsevier B.V. All rights reserved.
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formalism [3,4] and the Binary-Encounter-Dipole (BED)
method of Kim and Rudd[5]. DM calculations have been car-
ried out for all atoms for which experimentally determined
ionization cross sections are available (H, He, Li, C, N, O,
F, Ne, Na, Mg, Al, Si, P, S, Cl, Ar, K, Ca, Ti, V, Fe, Ni, Cu,
Ga, Ge, As, Se, Br, Kr, Rb, Sr, Ag, In, Sn, Sb, Te, I, Xe, Cs,
Ba, Yb, Hg, Pb, Bi, and U)[4]. As noted in previous publi-
cations[3,6], the DM formula was originally developed for
use in plasma modelling applications and thus was aimed at a
description of atomic ionization cross sections in the energy
range from threshold to at most 100 eV. Its energy dependence
was described in terms of a Gryzinski-type expression, which
unlike, e.g. the BED formula, does not yield cross section
shapes that show the quantum mechanically “correct” ln(E)/E
behavior in the regime of high impact energiesE [5,6].

Recently, a modified DM formula was introduced[6],
where the Gryzinsky-type energy dependence was replaced
by a “scaled” ln(E)/E energy dependence. The revised DM
formula reproduces the ln(E)/E dependence in the limit of
high impact energies and slightly improves the previously re-
ported DM cross sections at lower impact energies. The cross
sections obtained with the revised DM formalism when com-
pared to the DM cross sections reported in Ref.[4], show a
very minor difference in the position and absolute value of
the cross section maximum and a cross section shape above
about 200 eV that is in better agreement with experimentally
d
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introduced, which expresses the total single electron-impact
ionization cross sectionσ of an atom as

σ(u) =
∑
n,l

gnlπr2
nlξnlb

(q)
nl (u)

[
ln(cnlu)

u

]
(1)

where rnl is the radius of maximum radial density of the
atomic sub-shell characterized by quantum numbersn andl
(as listed in column 1 in the tables of Desclaux[8]); andξnl
the number of electrons in that sub-shell. The sum extends
over all atomic sub-shells labelled byn andl. Thegnl are the
weighting factors, which were originally determined from
a fitting procedure[3,4] using reliable experimental cross
section data for the rare gases and uranium. The quantity
u refers to the “reduced” energyu=E/Enl, whereE denotes
the incident energy of the electrons andEnl is the ionization
energy in the (n, l) sub-shell. The energy-dependent function
b

(q)
nl (u) has the form

b
(q)
nl (u) = A1 − A2

[1 + (u/A3)p] + A2
(2)

and the four quantitiesA1, A2, A3, andp are constants that
were determined from reliable measured cross sections for
the various values ofnandl [6]. The superscript “q” refers to
the number of electrons in the (n, l) sub-shell. The constant
cnl in Eq. (1) was found to be close to one except for d-
e arize
t
n
n red
t s
f n
d e
c in
a
n al
t . The
c also

T
S y-
d

F

b

b

b

b

b

b

b

b

T ections
f lso
i

etermined cross section functions.
In this paper, we present a comprehensive compariso

ween the results of the revised DM formula and meas
tomic ionization cross sections for selected elements
ring a wide range of targets of different electronic struc
s well as elements along columns of the period table (

is, halogens). Specifically, we selected the following tar
listed in order of increasing atomic numberZ): Na (Z= 11),
i (Z= 14), S (Z= 16), Cl (Z= 17), K (Z= 19), Ca (Z= 20),
e (Z= 26), Ga (Z= 31), Br (Z= 35), In (Z= 49), Cs (Z= 55),
g (Z= 80), Bi (Z= 83), and U (Z= 92). The objective is: (1

o test the validity of the revised DM formula for these e
ents in both the low- and high-energy regime; (2) to ex

he method to targets with higher atomic numbersZ (where
-electrons become important); and (3) to provide guida
s to the reliability of measured cross sections in cases w
everal experimental investigations reported drastically
erent absolute cross sections. Furthermore, we also c
ated ionization cross sections for the elements Cr, Mn,

, which are technically important, e.g. as impurities in
ion plasma devices and for which no experimental dat
vailable.

. Theoretical background

The physical foundation of the original DM method w
rst given by Deutsch and M̈ark in Ref. [3], and a mor
ecent in-depth discussion can be found in the review
eutsch et al.[7]. In Ref.[6], the revised DM formalism wa
lectrons. For the convenience of the reader, we summ
he pertinent parameters needed to use Eq.(2) in Table 1. We
ote that the constants in the functionb

(q)
nl (u) for the ns and

p (n≥ 3) electrons have been slightly modified compa
o those given in the original publication[6] and constant
or the f-electrons in the case ofn> 3 have now also bee
etermined (last row ofTable 1). The slight revision of th
onstants for the ns and np (n≥ 3) electrons was necessary
n effort to avoid a negative value of the parameterA2 for the
s electrons as reported originally[6], which has the potenti

o lead to an unphysical result under rare circumstances
onstraint placed on the fitting routine by this condition

able 1
ummary of parametersA1, A2, A3 and p that characterize the energ
ependent functionb(q)

nl (u) of Eq.(2)

unctionb
(q)
nl (u) A1 A2 A3 p cnl

(1)
ns (u), n= 1, 2, 3,. . . 0.31 0.87 2.32 1.95 1.00

(2)
ns (u), n= 1, 2 0.23 0.86 3.67 2.08 1.01

(q)
np (u), n= 2; q= 1, 2 0.33 0.88 2.38 1.98 0.99

(q)
np (u), n= 2; q= 3–6 −0.15 1.17 4.05 1.31 1.01

(2)
ns (u), n= 3, 4, 5, 6,. . . 1.04 0.03 21.00 0.34 0.96

(q)
np (u), n= 3, 4, 5, 6,. . .; q= 1–6 0.59 1.01 8.42 2.12 0.95

(q)
nd (u), n= 3, 4, 5, 6;q= 1–10 0.44 1.55 4.38 1.87 1.42

(q)
nf (u), n= 4, 5, 6;q= 1, 2, 3,. . . −3.43 0.92 0.08 0.65 1.00

hese parameters were determined from reliable measured cross s
or the single ionization of the atoms H, He, C, Ne, Mg, Al, and Ag. A
ncluded are the values of the constantcnl.
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resulted in slightly changed constants for the np electrons.
The change in the cross section curves reported in Ref.[6]
resulting from the revised constants is less than the line width
of the cross section curves shown in various figures in Ref.[6].

3. Results and discussion

The revised DM formula was introduced in our previous
paper[6] by using the well-known ionization cross sections
of the elements H, He, C, Ne, Mg, Al, and Ag to determine
the value ofcnl in Eq. (1) and the constants in Eq.(2) for
the various quantum numbersnandl and occupation number
q. Subsequently, the DM cross section of Eq.(1) was tested
for the targets O, F, P, Ar, Ge, Kr, and Xe by comparing the
DM cross sections with experimentally determined reliable
cross sections and excellent agreement between calculated
and measured cross sections was found in all cases. Here, we
extend the comparison to a much wider range of other targets
of different electronic structure as well as to elements along
columns of the periodic table of elements such as the alkalis
and the halogens. While the choice of 17 elements studied in
the present work, does not include all species for which exper-
imental data are available, it constitutes a representative cross
section of elements for which (i) three or more independent
experimental data sets are available, (ii) two independent data
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Fig. 1. (a) Calculated DM ionization cross section as a function of electron
energy for Na (solid line) in comparison with the experimental data of Ref.
[12] (crosses), Ref.[11] (inverted triangles), Ref.[14] (open circles), Ref.
[13] (filled squares), Ref.[10] (stars), and Ref.[9] (open diamonds; (b) same
as (a) for K with the experimental data from Ref.[15] (filled circles), Ref.
[16,17](stars), Ref.[11] (inverted triangles), and Ref.[10] (open diamonds);
(c) same as (a) for Cs with the experimental data from Ref.[10] (open
diamonds), Ref.[16,17](stars), Ref.[18] (Heil and Scott), Ref.[11] (inverted
triangles), and Ref.[15] (filled circles).

which is the only experimental data that covers the energy
from threshold to 1000 eV, shows a high-energy dependence
that is different from that of the DM cross section. We note
that the calculated Na ionization cross section data of Bray
[2] have not been included inFig. 1a, since these calculations
are limited to low energies up to 30 eV. In that energy regime,
ets have been reported, (iii) a single experiment has bee
ied out, and (iv) no experimental data have been reporte
ow. A critical analysis of experimental data is attempte
ases where more than a single experimental result has
eported. We note that there are no rigorous, statistically
orted quantitative criteria describing the level of agreem
etween calculated and measured cross sections. The
e follow the established tradition of using the position
bsolute value of the cross section maximum, the overa
rgy dependence of the cross section function, and (t
xtent applicable) any unusual structures in the cross se
hape in conjunction with the uncertainty margins of c
ully assessed experimental data to characterize the le
greement between measured and calculated cross se

.1. The alkalis Na, K, and Cs

Na, K, and Cs are quasi one-electron atoms whose
zation cross sections have been measured by several g
ince the 1960s[9–18]. In the case of Na (Fig. 1a), the dat
f Zapesochnyi and Aleksakhin[11] are significantly highe

han all other measured data and the calculated DM
ection. The DM cross section agrees best in terms of th
olute cross section value with the data of Johnston and
ow [13], although it reaches its maximum value at a slig
igher impact energy. There is also excellent agreemen

ween the DM cross section and the data of McFarland
inney[10], whose measurements were limited to higher
act energies above 50 eV. The experimental data of Tan

14] and Fujii and Srivastava[12] are slightly lower than th
M cross section and the cross section curve of Ref.[12],
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the calculated data of Bray[2] lie below all experimental
data.

The K ionization cross sections of Nygaard[16,17] and
Zapesochnyi and Aleksakhin[11], which are in excellent
agreement with one another, show a pronounced double max-
imum structure with a first maximum around 9 eV and a
second maximum around 30 eV as shown inFig. 1b. It is
tempting to attribute the first maximum around 9 eV to au-
toionization. However, Nygaard[17] lists the energies of the
two lowest autoionizing state in K as 18.72 eV and 18.98 eV,
respectively. The DM cross section reproduces the second
maximum very well, but underestimates the first maximum.
This is not surprising, if the first maximum can be attributed to
indirect ionization processes as the DM formalism describes
only the direct ionization. In the high-energy regime, the DM
cross section agrees well with the data of McFarland and
Kinney [10], whose data cover the energy range from 50 to
500 eV. The experimental data of Korchevoi and Przhonski
[15] are significantly above all other cross sections. The situ-
ation is similar in the case of Cs (Fig. 1c), where the DM cross
section agrees well with the second maximum in the data of
Nygaard[16,17] and Zapesochnyi and Aleksakhin[11] and
the high-energy data of McFarland and Kinney[10]. As in
K, the DM calculation does not reproduce the first maximum
well. The data of Korchevoi and Przhonski[15] are signifi-
cantly above these cross sections, whereas the cross section
o ss
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Fig. 2. (a) Calculated DM ionization cross section as a function of electron
energy for Cl (solid line) in comparison with the experimental data of Ref.
[19] (open circles); (b) same as (a) for Br.

maximum ranging from 30 to almost 100 eV. The DM cross
section agrees fairly well with the data of Freund et al.[20]
up to about 20 eV and above 100 eV, but does not reproduce
the observed unusual cross section maximum structure.

In contrast to Si and S, many experimental studies
have measured the Ca ionization cross section[22–26] and
McGuire[27] also reported a calculated Ca ionization cross
section. As shown inFig. 4, there is very good agreement be-
tween the various experimental data sets except for the data
of McFarland[22], which exceed most other measured data
by a factor of 2. Both calculated cross section curves do not
describe the experimental data very well. Neither curve re-
produces the structure in the measured data around 20 eV.
Both calculated cross sections peak at a lower impact en-
ergy compared to the measured data and exceed the measured
maximum cross section value by respectively 10% (present
calculation) and 15% (Ref.[27]). Overall, the DM cross sec-
tion provides a somewhat better description of the measured
data at higher impact energies above about 100 eV.

3.4. The elements Fe, Ga and In

Ionization cross sections for the atoms Fe, Ga, and In were
measured by Freund and co-workers[20,28]. The Fe ion-
ization cross section was also measured by Shah et al.[29]
a
I the
f Heil and Scott[18] is significantly lower than the DM cro
ection and the data of Refs.[11], [14], and[17]. In contras
o K, the first maximum in the Cs ionization cross sec
oincides with the energies of the two lowest autoioni
tates[17].

.2. The halogens Cl and Br

The only measured cross sections for the halogen a
re those of Freund and co-workers[19]. Fig. 2 shows the
M cross sections for Cl and Br in comparison with the m
ured data. The agreement is very good in both the case
light shift in energy between the calculated and meas
ross sections in the low-energy range up to about 40
xaggerated by the choice of a logarithmic energy scale
ituation is similar for the halogen atom F, which was
ussed in Ref.[6] and for iodine (I), which is not shown he

.3. The elements Si, S, and Ca

Freund et al.[20] measured ionization cross sections fo
nd S using the fast-beam method. In the case of Si, no
xperimental data have been reported to date. The DM
ection shows excellent agreement with the measured d
hown inFig. 3a, except perhaps for a minor discrepanc
he region of the cross section maximum (which is, howe
ell within the stated experimental uncertainty). In the ca
(Fig. 3b), the measured ionization cross section of Zie

t al. [21] is about 25% smaller than that of Ref.[20], but
hows a similar cross section shape with an unusuall
nd their results are about 25% below the data of Ref.[20].
t should be noted that this discrepancy is still within
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Fig. 3. Calculated DM ionization cross section as a function of electron
energy for Si (solid line) in comparison with the experimental data of Ref.
[20] (open circles); (b) same as (a) for S.

combined uncertainty of the two experiments. As shown in
Fig. 5a, the DM cross section is closer to the data of Shah et
al. [29] and, in fact, reproduces their data quite well above
about 100 eV. Measured ionization cross sections for Ga were
also reported by Patton et al.[30] and Vainshtein et al.[31].

Fig. 4. Calculated DM ionization cross section as a function of electron
energy for Ca (solid line) in comparison with the calculated cross section
of Ref. [27] (dashed line) and the experimental data of Ref.[22] (open
diamonds), Ref.[25] (open triangles), Ref.[24] (stars), Ref.[23] (filled
squares), and Ref.[25] (filled circles).

Fig. 5. (a) Calculated DM ionization cross section as a function of electron
energy for Fe (solid line) in comparison with the experimental data of Ref.
[20] (open circles) and Ref.[29] (filled squares); (b) same as (a) for Ga with
the experimental data of Ref.[28] (open circles), Ref.[30] (filled squares),
and Ref.[31] (open triangles); (c) same as (a) for In with the experimental
data of Ref.[28] (open circles) and Ref.[31] (open triangles).

While the data from Refs.[28] and [30] are in reasonably
good agreement (within their combined stated uncertainty),
the cross sections of Ref.[31] are lower by almost a factor
of 2 (Fig. 5b). The DM cross section agrees reasonably well
with the data of Ref.[28] and is in fair agreement – except
for the region near the cross section maximum – with data
of Patton et al.[30]. Fig. 5c shows the two measured In ion-
ization cross sections of Refs.[28] and[31]. The DM cross
section is in good agreement with data of Ref.[28] and both
cross section curves are about 60% higher than the data of
Vainshtein et al.[31].
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3.5. The elements Hg, Bi, and U

To the best of our knowledge, there has only been one ex-
perimental determination of the Hg ionization cross section,
the paper by Bleakney[32], which dates back to 1930. This
is quite surprising given the importance of Hg in the lighting
industry.Fig. 6a shows the data of Ref.[32] in comparison
with the DM cross section. The agreement in both absolute
value and cross section shape is rather poor, which under-
scores the need for a renewed measurement of this ionization

F
e
[
R

Fig. 7. Calculated DM ionization cross section as a function of electron
energy for Cr (filled squares), Mn (filled circles), and W (filled triangles).
No experimental data are available for comparison.

cross section. Likewise, there has only been one experimental
determination of the Bi ionization cross section[20]. How-
ever, the data by Freund et al.[20] are generally considered
among the most reliable experimentally determined ioniza-
tion cross sections. A comparison of their data with the DM
cross section (Fig. 6b) shows a reasonably good agreement,
even though the experimental data lie about 15% below the
calculation, but this is just within the stated experimental
uncertainty. In the case of U, the only available experimen-
tal data of Halle et al.[33] are in poor agreement with the
DM cross section (Fig. 6c). The calculated cross section lies
above the measured data at all impact energies and exceeds
the measured maximum cross section value, which is reached
at a lower electron energy compared to the measured data, by
more than 30%.

3.6. Calculations for Cr, Mn, and W

The atoms Cr, Mn, and W are of technical importance,
ig. 6. (a) Calculated DM ionization cross section as a function of electron
nergy for Hg (solid line) in comparison with the experimental data of Ref.

32] (filled squares); (b) same as (a) for Bi with the experimental data of
ef. [28]; (c) same as (a) for U with the experimental data of Ref.[33]).

e.g. as impurities in fusion plasma devices. To the best of our
knowledge, there are no experimental ionization cross section
data available for these atoms. We applied the DM formalism
to these three atoms. The results are shown inFig. 7. The
maximum cross section values for these three atoms range
between (4 and 5.5)× 10−20 m2. The Mn and Cr ionization
c rgies
( s not
r ents
o ghly
d

4

re-
c ic
i or-
d ,
G the
ross sections peak at a comparatively low impact ene
between 20 and 30 eV), while the W cross section doe
each its maximum value until about 60 eV. Measurem
f these important ionization cross sections would be hi
esirable.

. Conclusions

Here we present the results of the application of the
ently revised DM formalism for the calculation of atom
onization cross sections to the following atoms (listed in
er of increasing atomic numberZ): Na, Si, S, Cl, K, Ca, Fe
a, Br, In, Cs, Hg, Bi, and U. The objective was: (i) to test
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validity of the revised DM formula for these atoms in both
the low- and high-energy regime; (ii) to extend the method to
atoms with higher atomic numbersZ (where the contribution
of f-electrons to the calculated ionization cross section has to
be included); (iii) to provide guidance as to the reliability of
measured cross sections in cases where several experimen-
tal investigations reported drastically different absolute cross
sections; and (iv) to provide reliable cross sections data in
cases where no experimental data are available.

The comparison between calculated and measured ioniza-
tion cross sections leads to the following observations:

(1) There are five atoms for which three or more independent
sets of experimental data are available (Na, K, Cs, Ca,
Ga). In cases where the available measurements tend to
converge towards an ‘accepted’ ionization cross section
(Na, K, Ca, Ga), the DM calculation tends to support
the ‘accepted’ cross section. Exceptions are features that
may be attributed to indirect processes such as e.g. au-
toionization (K, Cs, Ca), which are not included in the
DM formalism. In Cs, where the different experimental
data sets do not converge towards an ‘accepted’ cross sec-
tion, the DM calculation provides guidance as to which
measurements yield the more reliable data.

(2) There are three atoms for which two independent sets of
ree
s to
par-
lso
the
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